The minimal effective model for the magnetisation plateaus below 1/2 in the Shastry-Sutherland model is derived to be an Ising model of certain unit-cell hard-core bosons with anisotropic repulsive interactions on isosceles triangular lattice. It unambiguously gives the prominent plateaus at 1/8, 1/6, 1/4, 1/3 and an additional one at 3/8, related through a particle-hole (p-h) transformation. The Dzyaloshinsky-Moriya (DM) interaction dresses it up with an inhomogeneous transverse field that also causes p-h asymmetry due to an in-plane component of the inter-dimer DM vector. This explains the asymmetry between the magnetisation below and above 1/4 in SrCu2(BO3)2. The effective model above 1/2 plateau is an XXZ model with stronger XY parts. It gives no magnetisation plateaus, but exhibits chiral order.
The Shastry-Sutherland (SS) model, and the material SrCu 2 (BO 3 ) 2 that realises it, are subjects of great current interest [1, 2] . This compound is a layered spin-gapped Mott insulator in which the Cu 2+ dimers in CuBO 3 layers form the frustrated SS lattice of antiferromagnetically coupled quantum spin-1/2's [3, 4] . The most notable feature of SrCu 2 (BO 3 ) 2 is the occurrence of plateaus in the magnetisation, M , as a function of the magnetic field, h, at certain fractional values of the saturation magnetisation, M sat [2, 5] . This phenomenon has drawn much attention, and inspired a lot of studies.
Experimentally, the most prominent plateaus occur at M/M sat = 1/8, 1/4 and 1/3. The other plateaus at 1/9, 1/7, 1/6, 1/5 and 2/9 have also been reported through torque measurements [6] . The plateau at 1/6 has been confirmed recently, and an additional one at 2/15 has been reported [7] . Above 1/3, the plateaus at 2/5 and 1/2 have also been reported [8] . While the plateau at 1/2 has been confirmed, the one at 2/5 seems absent, in recent ultra-high field measurements upto 118T [9] . Except 1/8, 1/6, 1/4, 1/3 and 1/2, there appears to be a lack of consensus on the more exotic fractions.
These discoveries have led to a great deal of research on the Shastry-Sutherland model,Ĥ SS , which is the basic quantum spin-1/2 model for SrCu 2 (BO 3 ) 2 [10] .
Here, J is the intra-dimer exchange and J is the interdimer coupling, both antiferromagnetic (see Fig. 1 ). For SrCu 2 (BO 3 ) 2 , various estimates give J /J ≈ 0.63 [9, 10] , which implies that its low temperature spin-gapped phase is a direct-product of the singlets on Cu 2+ dimers (the exact ground state ofĤ SS ) [11] . The Dzyaloshinsky-Moriya (DM) interaction is also present as a small perturbation to the leading picture set by the SS model [12] [13] [14] .
The early studies onĤ SS found the dimer-triplet excitations to be highly localised objects [3] . Thus, for h = 0, the magnetisation behaviour of the SS model, and that of the SrCu 2 (BO 3 ) 2 , is understood to be dominated by the interactions between the field-induced triplets (effective hard-core bosons), competed at best by the correlated hopping processes [10, 15] . Accordingly, the crystalline superstructures of the localised triplets, stabilised by interactions, characterise the magnetisation plateaus, as observed at 1/8 through NMR [16] . Away from a plateau, but near its ends, there could also arise a supersolid phase, wherein M grows smoothly, while the crystalline order of triplets has not melted [15, 17] . These ideas have advanced to sophisticated levels of computation through the pCUT (perturbative continuous unitary transformations) [18] and CORE (contractorrenormalization) methods [19] . An alternate approach is the Chern-Simons (CS) theory [20] , which has predicted a series of plateaus at 1/q for 9 ≥ q ≥ 2 and 2/9 [6] .
While the effective models in terms of the dimer-hardcore bosons [21] have been generated to very high orders in J /J, and they do give a host of plateaus, but they look obscure and don't offer much clarity into whether a plateau occurs and why. In this Letter, we try to change this situation by deriving a simple effective model for the magnetisation behaviour of the SS model. Through this, we unambiguously get all the prominent plateaus at 1/8, 1/6, 1/4, 1/3 and 1/2, and an additional one at 3/8. We also understand that the plateaus at 1/8 and 3/8 occur as a pair, and the same for 1/6 and 1/3, related via the particle-hole transformation in the minimal model, and how DM interaction affects this feature. Our effective model for M/M sat ≤ 1/2, in its barest form, is a classical problem (Ising model) of hard-core bosons with repulsive interactions on isosceles triangular lattice, which is dressed by the transverse-field like quantum fluctuations due to DM interaction. We also derive a minimal effective model for M/M sat ≥ 1/2, which is an XXZ problem on isosceles triangular lattice. It gives no plateaus (except some anomalies near 1/2 and 1), but a chiral order.
The basic premise of our study is a doubt whether the dimer-hard-core bosons can ever lead to a neat and decisive understanding of the magnetisation behaviour of the SS model [22] . It is because the orthogonal-dimer topology of the SS lattice renders the J links around a dimer-singlet ineffective by annihilation, which makes it hard to reconstruct the dynamics in terms of the dimerhard-core bosons. It comes as no surprise, therefore, that the corresponding effective models remain obscure, and despite the progress, leave one in doubt about the finality of their outcome.
We overcome this difficulty by working with the eigenstates of J(
crystallographic' unit-cell of the SS lattice (see Fig. 1 ). These states carry in them at least some effect of the J exactly, which for the dimer-states would require much extra effort to reconstruct. These eigenstates are presented in Table I = E (0;ss) L+Ĥ 0 +Ĥ X +Ĥ DM , by reorganising the SS lattice in terms of these unit-cells without breaking the translational symmetry, and projecting each unitcell onto its {|0 , |1 } basis. Here, E (0;ss) L is the singlet energy of L unit-cells. TheĤ 0 is the minimal effective Hamiltonian for the SS model, in terms of the "cell-hardcore bosons" (defined in Table II) , on the isosceles trian-
Tuesday 12 gular lattice of Fig. 1 , with total L sites.
The effective interactions, V = J (3 + cos θ)(1 − cos θ + 2 √ 2 sin θ)/32 and V = J (3 + cos θ)(1 − cos θ)/32, are repulsive, and V is always stronger than V (see Fig. 3 ). The 'chemical potential',h = h − ∆ 1 , controls the filling of these hard-core particles with energy-gap ∆ 1 = E (1;−) − E (0;ss) .
TheĤ X denotes the corrections beyondĤ 0 . One could generate it, say, by using the pCUT method with our unit-cell states. But here we do something very simple. We add some more repulsion, just a little beyond V and V . That is, we considerĤ X = rn r [V n r+δ2+δ3 + V (n r+δ1+δ2 +n r−δ1+δ3 )]. This is not quite ad hoc. We know these interactions would be there, and expect V V to be very small [23] . Heuristically, we estimate V ∼ V 32 (sin θ) 4 , and take V ≈ V for the calculations below.
Now we discuss M/M sat vs. h usingĤ 0 +Ĥ X . Here, M = r n r and M sat = 2L. While h likes to populate the lattice with hard-core bosons (cell-triplets), the repulsive interactions like them to stay as far away from Fig. 1 ), in terms of the singlet, |s , and the triplets, |tm for m = 1, 0,1, on the bonds (1,2) and (3,4). a The bond-states on (1,2) are:
and |t1 12 = | ↓ 1 ↓ 2 , and likewise on bond (3,4). The negative m's are denoted asm. b The eigenstates are denoted as |Suc, muc; extra-labels , where
Suc is the total spin quantum-number of the unit-cell, muc is the corresponding z-component, and the 'extra-labels' indicate (when necessary) the spins of the bond-states [on (1,2) and (3, 4) , respectively] that make it. c Here, the triplet states |1, m; ts = |tm 12 |s 34 , and |1, m; tt are given as: |1, 1; tt = {|t 1 12 |t 0 34 − |t 0 12 |t 1 34 }/ √ 2, |1, 0; tt = {|t 1 12 |t1 34 − |t1 12 |t 1 34 }/ √ 2, and |1,1; tt = {|t 0 12 |t1 34 − |t1 12 |t 0 34 }/ √ 2. Moreover, 
a Here,n = |1 1| ≡ (1 + τ z )/2,1 = |0 0| + |1 1| is the identity,
each other as possible. The first plateau would thus correspond to a filling that barely avoids repulsion. ForĤ 0 , it is M/M sat = 1/6 with a rhombic superlattice of hardcore particles (a honeycomb of 'holes') shown in Fig. 4 . But a non-zero V or V , howsoever small, immediately realises 1/8 as the lowest plateau with a square superlattice of cell-triplets (Kagomé lattice of holes) by pushing 1/6 higher up in energy. The lower (c1) and upper (c2) critical fields for these plateaus (at T = 0K) are:
The smallness of V and V is qualitatively consistent with the small experimental width (∼ 1 T) of 1/8 plateau.
To deduce the higher M plateaus, we use the particlehole (p-h) transformation,n r →1 −n r , under which M/M sat → 1 2 −M/M sat ,h → 2(V +2V +V +2V )−h, while V , V , V and V remain the same. Clearly, it implies a plateau at 3/8 due to the one at 1/8. Likewise, it gives a plateau at 1/3 due to 1/6. SinceĤ 0 +Ĥ X is invariant under p-h transformation forh = V +2V +V +2V at M/M sat = 1/4, it naturally brings in the plateau at 1/4. Besides, the 1/2 is trivially there. The superlattice structures at 1/3 and 3/8 plateaus are obtained by p-h transforming (0 ↔ 1) the structures at 1/6 and 1/8, respectively. At 1/4, the cell-triplets form stripes, as in Fig. 4 , consistent with what is known. The critical fields obtained by comparing the energies of these ordered states are:h 3/8. These we have also checked by exact energy minimisation (on small clusters) and monte carlo simulations of this effective model [24] . Next we discuss the effects of DM interaction, relevant to SrCu 2 (BO 3 ) 2 , onĤ 0 +Ĥ X .
At low temperatures, the intra-dimer DM vector in SrCu 2 (BO 3 ) 2 lies in the plane of dimers and ⊥ to the dimer's orientation, and the inter-dimer DM interaction is kind of arbitrary [14] . By projecting them onto the local {|0 , |1 } basis, we get the following effectiveĤ DM .
Here,D
] are the effective 'transverse fields' dependent upon the local occupancies,n r 's. The intradimer DM interaction is denoted as D (∼ 0.03J), D x,y ( D) are the x and y components of the inter-dimer DM vector, and V /V = 1 + 2 √ 2 cot θ 2 . Thus, the minimal effective model for the magnetisation behaviour of
, is a 'quantum Ising' model with 'dynamically' inhomogeneous transverse fields [25] . Under the p-h transformation,
sin θ. An important physical implication of these rules is that a non-zero D x [amplified by V /V (∼ 7 for J /J = 0.63)] causes p-h asymmetry between the related plateaus, which is indeed there in SrCu 2 (BO 3 ) 2 . For instance, the plateaus at 1/6 and 1/3 differ in widths, and 3/8 is still not seen, while 1/8 is too well known. Such p-h asymmetry can also arise due to the three-body interactions inĤ X , but here, we have discussed only the most essential physical content of the SrCu 2 (BO 3 ) 2 , viz. SS model, problem below 1/2. The results of an exact numerical computation in the ground state ofĤ ≤ is in broad qualitative agreement with the experiments, and can be improved quantitatively by pCUTs, CORE or any other suitable methods.
Interestingly, the recently suggested devil's staircase in SrCu 2 (BO 3 ) 2 [7] is a possibility within our model, as it is known to occur in the frustrated Ising models with anisotropic interactions [26] , which is whatĤ 0 +Ĥ X is, albeit with weak competing interactions (V ∼ V /10 and V ∼ V /100 as per our estimates in Fig. 3 ). It would be nice to see if the improved theoretical values of these effective interactions help in the occurrence of devil's staircase. One may also consider estimating these effective parameters 'phenomenologically'.
We also like to remark that the 'superfluidity' and 'supersolidity' are misnomers in the context of SrCu 2 (BO 3 ) 2 due to the absence of continuous symmetry inĤ ≤ 1 2 , a quantum Ising model. The magnetisation (longitudinal or transverse) in this system does not arise by spontaneously breaking a continuous symmetry.
Overall, this highly simple effective model presents a confident and insightful picture of the magnetisation behaviour of the SS model and SrCu 2 (BO 3 ) 2 , as compared to the vastly complex dimer-hard-core boson models. Our choice of the unit-cell states, it appears, is the right way to formulate and study this problem.
Finally, encouraged by the discussion below 1/2, we similarly derive a minimal effective Hamiltonian above the 1/2 plateau in terms of the hard-core bosons defined in the {|1 , |2 } basis (see Table III ). It can be written as: III. Representation of the spins in a unit-cell in the basis, {|1 , |2 }, where |1 = |1, 1; − and |2 = |2, 2 .
),
, and e 0 = E (1;−) + U + 2U +
sin θ. For J /J ∈ [0, 1], t, U and U all are positive, and t < 0. Moreover, 0 ≈ U U |t | < t < 0.09. It is an XXZ model on isosceles triangular lattice, with a dominant XY part. Here, we again calculate the magnetisation, M/M sat = (1 + 1 L r n r )/2, as a function of h. Due to the weak U and U , and strong quantum fluctuations, we don't expect any crystalline order of triplets, and thus, no plateaus. We did exact numerical diagonalization (ED) on periodic clusters of L upto 21, and a 12-sublattice cluster mean-field theory (CMFT) on a 12-sites exact cluster coupled to the mean-fields at the boundary. Both these calculations give smooth M vs. h curves (see Fig. 6 ).
Since the XY model on triangular lattice exhibits chiral order [27] , we also calculate it in the ground state ofĤ ≥ 1 2 as a function of h. The z-component of chirality of an upright triangle at position R is written as, χ z (R) = ( τ 1 × τ 2 ) z + ( τ 2 × τ 3 ) z + ( τ 3 × τ 1 ) z , where 1, 2 and 3 are the spins of that triangle. The chiral order parameter is defined as: χ = [ R χ z (R)] 2 /LS(LS + 1), where S = 1/2 and R runs over the upright triangles of a cluster [27] . The data in Fig. 6 clearly indicates the presence of chiral order for M/M sat between 1/2 and 1, while the plateaus are absent. Close to 1/2 and 1, however, the spikiness in χ seem to indicate some anomalies that may show up in M (possibly as jumps). 
